In this paper we analyze quantitatively the concept of LAGEOS-type satellites in critical supplementary orbit configuration (CSOC) which has proven capable of yielding various observables for many tests of General Relativity in the terrestrial gravitational field, with particular emphasis on the measurement of the Lense-Thirring effect. By using an entirely new pair of LAGEOS-type satellites in identical, supplementary orbits with, e.g., semimajor axes a = 12, 000 km, eccentricity e = 0.04 and inclinations i S1 = 63.4 • and i S2 = 116.6 • , it would be possible to cancel out the impact of the mismodelling of the static part of the gravitational field of the Earth to a very high level of accuracy. The departures from the ideal supplementary orbital configuration due to the orbital injection errors would yield systematic gravitational errors of the order of few percent, according to the covariance matrix of the EGM96 gravity model up to degree l = 20. However, the forthcoming, new gravity models from the CHAMP and GRACE missions should greatly improve the situation. So, it should be possible to measure the gravitomagnetic shifts on the sum of their nodes ΣΩ LT with an accuracy level of 0.1%, on the difference of their perigees ∆ω LT with an accuracy level of 5% and onẊ LT = ΣΩ LT − ∆ω LT with an accuracy level of 2.8%. Such results, which are due to the non-gravitational perturbations mismodelling, have been obtained for an observational time span of about 6 years and could be further improved by fitting and removing from the analyzed time series the major time-varying perturbations which have known periodicities.
Introduction
The idea of using a pair of twin satellites, denoted as S1 and S2, in identical orbits with the same semimajor axes a and eccentricities e, except for the inclinations i of their orbital planes, which should be supplementary, in order to measure the general relativistic Lense-Thirring effect (Lense and Thirring, 1918) in the gravitational field of the Earth 1 was put forth for the first time by Ciufolni with the proposed LAGEOS-LAGEOS III mission (Ciufolini, 1986) . The proposed observable is the sum of the rates of the longitudes of the ascending nodes ΣΩ ≡Ω S1 +Ω S2 .
(1)
Indeed, it turns out that while the Lense-Thirring secular nodal rates are independent of the inclinations of the satellites and add up in eq. (1), the classical secular nodal rates induced by the oblateness of the Earth, which would mask the relativistic effect due to the uncertainties in the even zonal coefficients δJ 2 , δJ 4 , δJ 6 , ... of the multipolar expansion of the terrestrial gravitational field, are equal and opposite for supplementary orbital planes because they depend on odd powers of cos i, so that they would be cancelled out by eq. (1). Later on, the orbital and physical configuration of LAGEOS III slightly changed: the eccentricity of its orbit was increased in order to be able to perform other general relativistic tests, its mass was reduced so to reduce the mission-launch costs, and the area was reduced in such a way to guarantee the same are-to-mass ratio of the older LAGEOS, so to minimize the impact of the nongravitational perturbations. The LARES was born (Ciufolini,1998) . In Table 1 we quote the orbital parameters of some existing or proposed laser-ranged satellites which are used, or could be used, in general relativistic tests. The accuracy available with the originally proposed version of the LAGEOS-LARES mission should amount to 2%-3% (Ciufolini, 1998) . Very recently, some modifications of the observable to be adopted in the LARES mission have been suggested (Iorio et al, 2002) . The total error should then become < 1%.
The concept of satellites in identical and supplementary orbits have been recently extended also to the perigees (Iorio, 2002) . In particular, it has been noticed that also the difference of the rates of the perigees ∆ω ≡ω S1 −ω S2
(2) could be considered for measuring the gravitomagnetic field of the Earth. Indeed, the Lense-Thirring secular apsidal rates depend on cos i and add up in eq. (2), while the classical secular apsidal rates due to the oblateness of the Earth, which depend on cos 2 i and on even powers of sin i, are equal and cancel out in eq. (2). Of course, such an observable could not be considered for the LAGEOS-LARES mission since the eccentricity of LAGEOS is too small and the perigee of its orbit is badly defined. On the contrary, launching an entirely new pair of LAGEOS-type satellites in rather eccentric orbits would allow to adopt both eq. (1) and eq. (2) and alsȯ
In (Iorio, 2002) it has been noticed that it should be better to adopt the critical inclinations i S1 = 63.4 • and i S2 = 116.6 • because, in this way, the periods of many time-dependent harmonic orbital perturbations of gravitational and non-gravitational origin would be not too long. So, it would be possible to adopt an observational time span T obs of few years. This fact would be important not only from the point of view of reducing the data analysis time, but also because certain relevant and very useful assumptions on the surface properties of the satellites and on their spins motion, which would affect certain subtle but important non-gravitational perturbations, could be safely done by adopting just the first years of life of both satellites for the data analysis.
In this paper we wish to analyze quantitatively the impact of many systematic errors induced by gravitational and non-gravitational perturbations on the proposed observables so to yield realistic error budgets for such new proposed gravitomagnetic experiments.
The paper is organized as follows. In section 2 we will deal with the systematic error due to the mismodelling in the even zonal harmonics of geopotential and its sensitivity to the orbital injection errors in the inclinations of the satellites. In section 3 we will focus our attention on the impact of the non-gravitational perturbations. Section 4 is devoted to the conclusions.
The gravitational errors
Contrary to the originally proposed LAGEOS-LARES mission (Iorio et al, 2002) , with the new satellites S1 and S2 of Table 1 , which have a S1 = a S2 , e S1 = e S2 , it would be possible to cancel out exactly from eqs. (1)-(3) the systematic errors due to the even zonal harmonics of the geopotential, provided that the inclinations of the two orbital planes are exactly supplementary.
Of course, this could not occur in reality because of the unavoidable orbital injection errors in the Keplerian orbital elements of the satellites, in particular those in the inclinations. In up to degree l = 20 has been employed 2 . It is worth noticing that the results obtained here can be considered reliable even if the higher degree terms of EGM96 would not be accurate enough because the orbits of the LAGEOS-type satellites are almost insensitive to the harmonics of degree higher than l = 20. As it can be noticed, for deviations of the order of 1 degree 3 from the nominal supplementary values, the systematic error due to the geopotential would amount to few percent. However, it is really important to notice that such estimates should be dramatically improved by the new, more accurate terrestrial gravity models from CHAMP and GRACE missions. Even without claiming any precise predictions which could turn out to be too optimistic when the real data will be finally available, it should be realistic to expect that the systematic error due to the geopotential will fall well below the 1% level for all the observables considered here.
In regard to the time-dependent gravitational perturbations of tidal origin (Iorio, 2001) , the observables involving the difference of the perigees would be particularly sensitive to them.
However, as pointed out in (Iorio, 2002) , on one hand, some very insidious tidal perturbations like that induced by the 18-6 year constituent are cancelled out and, on the other, the choice of the critical inclination for the two satellites would allow to reduce greatly the periods of certain uncancelled perturbations which, then, could be fitted and removed over a T obs of just a few years during which they would be able to describe some full cycles. Moreover, it should be considered that also the uncertainty in the tidal perturbations would be reduced by the forthcoming models from CHAMP and GRACE. 
The non-gravitational perturbations
In view of the forthcoming improvements in the accuracy of our knowledge of the terrestrial gravitational field, a major role in the error budget of the proposed experiments will be played by the perturbations due to the non-conservative forces. Indeed, concerning the measurement of the Lense-Thirring effect using the existing LAGEOS satellites, we know that, according to (Lucchesi 2001; 2002a) , a crucial role in the definition of the error budget is played by the mismodelling in the non-gravitational perturbations (NGP). The perturbative effects due to the visible radiation effects, as well as those related with the thermal thrust perturbations-if not correctly modelled-may cause errors in the observable orbital elements comparable to or even larger than the relativistic secular shift. We computed, through a numerical simulation and analysis (considering the eclipses passages), the perturbative effects due to these non-conservative forces on the proposed combinations. Then, using the uncertainties of each perturbative model adopted we estimated, in a conservative way, the error budget due to these perturbations in the perigee and nodal rates of the proposed satellites and in each of their combinations. We analyzed the perturbative effects due to
• direct visible solar radiation,
• Earth albedo radiation,
• terrestrial Yarkovsky-Rubincam radiation,
• solar Yarkovsky-Schach radiation,
• possible asymmetric reflectivity
Only the terrestrial Yarkovsky-Rubincam thermal thrust perturbation produce secular effects in the satellites node and perigee. Nevertheless these secular effects are usually small-about 1 mas yr −1 or less-and negligible when compared to the long-term effects produced in the same elements by the other non-gravitational perturbations (Lucchesi 2002a) . Then, in order to minimize the impact of these long-term effects, we estimated an Ideal Period (IP) during which a large fraction of the analyzed perturbations averages out. For this IP, tuned by the larger perturbative effects, we obtained a value close to 6 years (2187 days). This IP has been estimated from the longest periodicity, in the satellites perigee, due to direct solar radiation pressure-the largest perturbative effect-corresponding to the spectral lineΩ +λ −ω (729day) of the S1 satellite. The period obtained is a multiple integer of the other characteristics periodicities of the analyzed NGP, and is very close to the period of 734-day due to the node precession of the CSOC satellites, see sub-section 3.1. This IP of about 6-year represents a good compromise in the averaging out process of the non-gravitational perturbations and, at the same time, on the accumulation of the integrated orbital residuals over a time long enough to detect a so tiny effect as the Lense-Thirring dragging. Anyway, for a first measurement of the relativistic effect with the proposed CSOC satellites, a minimum IP of about 2 years (729 days) may be used. Of course, for a fixed IP, the averaging of the NGP depends also from the initial conditions of the satellites configuration, e.g., from the orientation of their orbits with respect to the Sun. This aspect has been tested performing several simulations over our 2187 days IP, but with different values for the initial conditions of the satellites orbit in space-in the ascending node and perigee initial positions-and for different periods of the year, i.e., of the Earth position along its orbit with respect to the Sun. In the following we present the results we obtained for an initial configuration (the same for the two proposed satellites) very close to that of LAGEOS when launched in May 1976. The results we obtained for the NGP mismodelling impact on the suggested combinations of the satellites node and perigee, may be considered a conservative approach to the final error budget. Indeed, we have been able to obtain a better averaging of the NGP effects using different configurations, but we also obtained larger effects in the perigee and node rates for other initial conditions. At the same time the proposed configuration for the two satellites has the advantage to be realized without particular difficulties using the actual launchers.
In regard to the Asymmetric Reflectivity effect we have made the assumption that the asymmetry in the reflection from the satellites surface is the same for the two satellites, and 
Analytical results
The relativistic Lense-Thirring precessions on the node and the perigee of the CSOC satellites areΩ LT = 2G c 2 a 3 J ⊕ (1 − e 2 ) 3/2 = 32.9 mas yr −1 (4) for both satellites, anḋ
where G is the Newtonian gravitational constant, c is the speed of light in vacuum and J ⊕ is the Earth's angular momentum. Then, for the combinations proposed in this work we obtain ΣΩ LT ≡Ω LT S1 +Ω LT S2 = 65.8 mas yr −1
∆ω LT ≡ω LT S1 −ω LT S2 = −88.4 mas yr −1 (7)
We will focus on the perigee rate of the proposed satellites because of the larger perturbations and less accurate determination of this element with respect to the node. The effect of the direct solar radiation pressure on the perigee rate for a spherically shaped, passive, laser-ranged
where a ⊙ is the acceleration due to direct solar radiation pressure (about 3.6 × 10 −9 m s −2 , as for the LAGEOS satellites), n is the satellite mean motion, ǫ is the obliquity of the ecliptic (Lucchesi 2002a ) is characterized by additional spectral lines with respect from those obtained with Eq. (9). In Table 2 we report the spectral lines and the periods of the main periodic contributions to the perigee rate from the above cited NGP. As we can see, our IP of about 2187 days is very close to an integer multiple of the shorter-period lines obtained.
Eq. (10) gives the effect of direct solar radiation pressure on the perigee rate difference of the CSOC satellites
where we expressed the orbital elements of S2 in terms of those of S1, that is cos i 2 = − cos i 1 andΩ 2 = −Ω 1 . Of course, Eq. (10) is valid when the CSOC satellites are in full sun-light, i.e., 
Concerning the perigee rate perturbations that arise from the thermal thrust effects, as well those due to the Asymmetric Reflectivity effect, they critically depend from the satellite spin axis orientation (Lucchesi 2002a satellites perigee rate difference. Indeed, the expression we can compute more easily are valid only in the case of a fixed spin axis orientation.
Of course, in the case of the terrestrial Yarkovsky-Rubincam effect (Lucchesi 2002a) , we can give the expression of the secular rate in the perigee rate difference, because it depends only from the S z components, that we can assume constant as previously evidenced. We obtain
where A rub is the amplitude of the perturbative effect (≈ −7 × 10 −12 m s −2 , assuming the same CCR distribution of the LAGEOS satellites), while θ represents the satellite thermal lag angle, that we have assumed to be the same for the CSOC satellites and equal to that computed in the assuming a fixed spin axis, the main contributions from the periodic terms due to the Thermal Thrust effects are the ones we have shown in Table 2 , with the addition of the harmonics Ω and 2Ω in the case of the terrestrial Yarkovsky-Rubincam effect.
Numerical simulation and analysis
The orbits of the CSOC satellites have been integrated over our IP of 2187 days with a 1 • step-size in the satellites eccentric anomaly. In Tables 3 and 4 we show the results we obtained for the analyzed NGP-in the satellites perigee and node-neglecting any mismodelling of the perturbative effects, i.e., their nominal amount on the elements rate. As previously pointed out, some of the analyzed NGP effects are larger than the Lense-Thirring effect, as in the case of the direct solar radiation and the Asymmetric Reflectivity in the satellites perigee rate: a few hundred of mas yr −1 against 44 mas yr −1 . In the case of the nodal rate, the direct solar radiation perturbation gives effects comparable in magnitude with the relativistic precession (about 33 mas yr −1 ). Of course, the effect of the IP integration is evident if we compare the actual results with a 2550-day (≈ 7-year) integration. The average long-term effects due to direct solar radiation become, respectively, about -778 mas yr −1 in the case of S1 and about 3098 mas yr −1 in the case of S2, i.e., more than 2.5 and 14.5 times larger! In Tables 5 and 6 we show the results for the combination of the perigee and node rates-with their errors with respect to the relativistic precession-when the uncertainties of the perturbative models are considered (the third column gives the relative uncertainty for each model). We are now able Table 5 ) are in good agreement with those previously obtained. Also the spectral analysis of the numerical integration results agrees with the lines computed analytically. In figures 6 are shown the results of the Fourier analysis in the case of direct solar radiation pressure. We have found a clear evidence of the two strongest lines obtained with our analytical analysis, corresponding to the spectral lines:
Ω + λ ± ω and Ω − λ ± ω. Adding quadratically the errors for each kind of perturbation we are able to estimate the NGP mismodelling impact on the proposed combinations
As we can see, with the sum of the nodes we obtain a smaller impact of the NGP mismodelling on the final error budget. This is due to the negligible influence of the Yarkovsky-Schach effect on the node combination, as well as for the very small impact of the direct solar radiation and the Asymmetric Reflectivity on the proposed combination. In Table 7 we show the results for the combination proposed with Eq. 
that is, a result halfway those obtained with the other combinations. The combination introduced with Eq.
(3) has the advantage of a larger relativistic precession-about 154 mas yr −1 -with respect to the ΣΩ and ∆ω combinations. In fact, this will be very useful when computing the integrated residuals from the SLR observations during the data-analysis. The larger slope of theẊ combination residuals will indeed make a more clear evidence of the total relativistic precessionẊ LT . We have to stress that we have followed a quite conservative error budget estimate, in particular concerning the uncertainty characterizing the Asymmetric Reflectivity effect. It is also significative to underline that actually, this very important perturbative effect is not modelled by the orbit determination programs used for the satellites data analyses. Nevertheless, it is always possible to remove some of the characteristic periodicities of this perturbation form the final fit-without affecting the slope of the Lense-Thirring effect derivation-in such a way to reduce the final rms of the plotted integrated-residuals.
Conclusions
In this paper we have quantitatively analyzed the scenarios offered by the proposal of launch- Moreover, also the approach of the combined residuals of the orbital elements including the nodes and the perigees of all the satellites of the LAGEOS family could be followed. Finally, the rather eccentric orbits of the new two satellites could allow for many other general relativistic tests in the gravitational field of the Earth including also the measurement of the gravitoelectric perigee advance and the possibility of strongly constraining the hypothesis of a Yukawa-like fifth force.
